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A model for the electronic structure of icosahedral quasicrystals is proposed on the basis of a number of
pertinent experimental results. From this model we obtain a closed analytical expression for the electrical
conductivity accurately describing the most remarkable features observed in the s(T) curves of high quality
quasicrystals. As a convenient working example we compare the theoretical description provided by our
treatment with a series of suitable experimental data for the i-AlCuRu, unveiling a relationship among the
density-of-states structure, the sample stoichiometry, and the electrical conductivity of different samples at
different temperature ranges.I. INTRODUCTION
The discovery of thermodynamically stable quasicrystal-
line alloys of high structural quality in the AlCu~Fe,Ru,Os!
and AlPd~Mn,Re! systems,1 and decagonal AlCo~Cu,Ni!
system,2 has allowed for detailed experimental studies of
transport properties in quasicrystals ~QC’s!. In this way, un-
usual behaviors in the temperature dependence of electrical
conductivity, Hall and Seebeck coefficients, specific heat and
thermal conductivity, have been reported.3–6 From these ex-
perimental results a fundamental question arises, concerning
whether the purported anomalies in the quasicrystals trans-
port properties should be mainly attributed ~or not! to the
characteristic quasiperiodic order of their structure. Two dif-
ferent approaches to this question can be found in the litera-
ture. On the one hand, attempts are made to explain the
transport properties of QC’s in terms of concepts originally
developed to describe amorphous solids. On the other hand,
more specific treatments aimed to exploit the physical impli-
cations of the quasiperiodic order notion have been progres-
sively introduced. Both approaches have obtained partial
successes in describing different experimental data, thus
spurring the interest for a suitable theory of quasicrystalline
matter.7
Theoretical efforts towards this goal have rendered two
main results concerning the electronic structure of QC’s. The
first one refers to the presence of a pronounced pseudogap at
the Fermi level. The second one concerns the existence of
spiky features in the density of states ~DOS! near the Fermi
level. The presence of a pseudogap was theoretically pre-
dicted in order to explain the stability of quasicrystalline
alloys8 and its physical existence has received strong experi-
mental support in the last few years, as indicated by mea-
surements of the specific-heat capacity at low temperatures,9
photoemission10 and soft x-ray spectroscopies,11 or magnetic
susceptibility and nuclear magnetic resonance probes.12 On
the other hand, the existence of a spiky fine structure of the
electronic DOS over an energy scale of about 10 meV has
been obtained in self-consistent ab initio calculations dealing
with several suitable quasicrystalline approximants.13 The
physical origin of such peaks may stem from the structural
quasiperiodicity of the substrate via a hierarchical cluster ag-
gregation resonance14 or through d-orbital resonancePRB 610163-1829/2000/61~13!/8771~7!/$15.00effects.15 However, the possible existence of spiky features
in the DOS has remained quite elusive to experimental
confirmation,16–18 until two recent works have provided fea-
sible support to both the physical existence of a spiky DOS
component and its possible self-similar nature.19,20
In the light of this broad collection of experimental results
it becomes quite appealing to reconsider one of the most
important open questions in the field, namely, that regarding
whether the purported anomalies in the transport properties
observed in high quality QC’s can be satisfactorily ac-
counted for by merely invoking band-structure effects or,
alternatively, these anomalies should be traced back to the
critical nature of the electronic states. At this stage, it seems
quite reasonable that the proper answer may likely require a
proper combination of both kinds of effects. In fact, on the
one hand, certain experimental facts, such as the relative in-
sensitivity of the specific-heat electronic term g to thermal
annealing ~as compared to the strong dependence of the elec-
trical conductivity itself!, suggests that the purported low
values of s4K cannot be satisfactorily explained by solely
invoking the existence of a pseudogap. This conclusion is
further stressed by the unrelated variations of s4K and g
among different and AlPdRe samples,21 as well as for the
relative insensitivity of g to the chemical composition ob-
served in several AlCuFe samples.22 On the other hand, it
has been suggested that when the energy spacing between
the electronic bands in the vicinity of the Fermy level be-
comes very small, as it occurs in the case of quasicrystalline
approximants, the transport may turn out to be anomalous
because tunneling occurs between different bands, causing
the instability of the wave-packet coherence,23 hence rein-
forcing the view that band-structure effects should also play
a significant role in the anomalous transport properties of
QC’s.
Keeping in mind both possible contributions, the aim of
this work is twofold. In the first place, we consider the tem-
perature dependence of the electrical conductivity s(T),
showing that its behavior can be satisfactorily described in
terms of a closed analytical expression over a wide tempera-
ture range ~4–650 K!. To this end, we will introduce a suit-
able model for the electronic structure of icosahedral QC’s,
along with some reasonable assumptions about the physical
behavior of charge carriers associated with critical states.8771 ©2000 The American Physical Society
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of a pseudogap near the Fermi level and the presence of a
self-similar distribution of spiky features in the DOS. In the
second place, we consider the purported sensitivity of the
s(T) curves to the chemical composition, arriving at the
conclusion that it should be mainly attributed to a systematic
shift of the Fermi level position due to the different stoichi-
ometry of the corresponding quasicrystalline samples. To
this end, we will compare the theoretical s(T) curves de-
rived from our model with pertinent experimental data for
i-AlCuRu QC’s of different compositions.24,25 By properly
adjusting a number of physical parameters, we obtain a re-
markable agreement between experimental and theoretical
conductivity curves. In this way, our approach may be con-
sidered as a promising first step to gain a better understand-
ing of transport properties in quasicrystalline matter in terms
of a phenomenological description of the electrical conduc-
tivity in QC’s.
The paper is organized as follows. In Sec. II we describe
our approach to the study of the electrical conductivity and
introduce the main features of the electronic structure pro-
posed in our DOS model. In Sec. III we obtain a closed
analytical expression for the electrical conductivity. Section
IV is devoted to compare the analytical expressions with
experimental conductivity curves. Final comments and dis-
cussions are contained in Sec. V.
II. THE MODEL
A. Electrical conductivity
Following previous works by Pierce and
collaborators,25,26 we will start by assuming that the electri-
cal conductivity can be described by the general expression27
s~T !5
e2
V0
E
2‘
1‘
dES 2 ] f]E Ds~E !, ~1!
where e is the electron charge, V0 is the unit-cell volume, E
is the energy, f is the Fermi function, and s(E) is the con-
ductivity spectrum defined as the T→0 conductivity with the
Fermi level at energy E. Expression ~1! describes a weighted
average of the conductivity spectrum s(E) over the energy
range determined by the Fermi distribution at a given tem-
perature. Generally speaking the conductivity spectrum will
take into account both band-structure effects and those ef-
fects which may be related to the critical nature of the eigen-
states. Consequently, we can express s(E)[N(E)D(E),
where N(E) is the DOS and D(E) is the electronic diffusiv-
ity. Then, by integrating expression ~1! by parts, we obtain
s~T !5
e2
V0
u~T !FD~E !2E
2‘
1‘
dES 2 ]D]E D G , ~2!
where
u~T ![E
2‘
1‘
dES 2 ] f]E DN~E !. ~3!
Expression ~2! indicates that the conductivity variation
with the temperature will be dependent on the electronic
structure, through the factor u(T), but also on the nature ofthe electron wave functions through the diffusivity depen-
dent factor. Within the Bloch-Boltzmann treatment it is cus-
tomary to express D(E).v2(E)t(E), where v(E) denotes
the carriers group velocity and t(E) is the relaxation time.
The application of Bloch-Boltzmann theory to quasiperiodic
systems has been criticized3,28,29 on the basis that scaling
properties of critical wave functions may lead to nonballistic
transport of the electrons. However, at present, we cannot
definitively exclude the Bloch-Boltzmann scheme. In fact, it
has been shown that, in some instances, quasiperiodic mod-
els are able to support extended electronic states.30,31 Conse-
quently, the role played by the peculiar nature of critical
states in the anomalous transport properties observed in
QC’s requires a closer scrutiny aimed to clarify the relation-
ship between the spatial structure of critical states and their
related transport properties.32
To proceed we introduce a simplifying working hypoth-
esis and assume that the energy dependence of the electronic
diffusivity in expression ~2! is quite smooth as compared
with the energy dependence of the DOS, so that to a first
approximation D(E).D0 and the integral appearing in Eq.
~2! vanishes. In fact, a low value for the electronic diffusivity
has been obtained in a number of numerical simulations
dealing with realistic quasiperiodic systems.29 In addition,
experimental evidence supporting this assumption comes
from angle-resolved photoelectron spectra showing flat nar-
row bandlike features indicating quite small group velocities
for the charge carriers.33 By expressing Eq. ~3! in terms of
the scaled variable x[(E2m)/kBT , where m denotes the
Fermi level position, and kB is the Boltzmann constant, and
plugging it into Eq. ~2! we get
s~T !5AE
2‘
1‘
N~x ! sech2~x/2!dx , ~4!
where A[e2D0/4V0 and we have expressed the derivative
of the Fermi function in terms of hyperbolical functions. At
this point it is worth noticing that with the working hypoth-
esis introduced before we are not neglecting the possible role
of critical states in the transport properties of QC’s, since
such influence is included in the ~phenomenological! param-
eter A. This important question will be further elaborated in
Sec. III.
B. DOS model
Low resolution ~in general about 0.3–0.5 eV) photoemis-
sion spectroscopy has provided substantial evidence on the
existence of a broad and smooth pseudogap in several qua-
sicrystalline alloys.11,16 Photoemission studies of better reso-
lution ~in the range 0.15–0.05 eV) are also consistent with
this broad feature, without any fine spiky component.10,33
Investigation of AlCuFe quasicrystalline films by scanning
tunneling spectroscopy at low temperatures has given evi-
dence for a narrow, symmetric dip about 60 meV wide lo-
cated around the Fermi level.34 A subsequent STM investi-
gation of better resolution on AlCuFe and AlPdRe
quasicrystalline ribbons confirmed the presence of a
pseudogap about 50 meV wide and did not show evidence
for finer structures in the DOS over the energy region ex-
tending about 0.5 eV from the Fermi level.35 The existence
of a sharp DOS valley of about 20 meV at the Fermi level in
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firmed by nuclear magnetic-resonance studies, which are
able to probe the bulk properties of the considered samples.36
These observations indicate that the dip centered at the
pseudogap is not a surface feature and that both its width and
depth are sample dependent. On the other hand, the possible
dependence of the pseudogap structure with the temperature
has been recently investigated by means of tunneling and
point contact spectroscopy, and it has been reported that the
width of the broad pseudogap remains essentially unmodified
as the temperature is increased from 4 to 77 K. On the con-
trary, the dip feature centered at the Fermi level exhibits a
significant modification, progressively deepening and nar-
rowing as the temperature is decreased.19
By collecting all the relevant information provided by this
set of different experimental measurements we propose a
DOS structure around the Fermi level which includes two
main contributions at T50, as it is sketched in Fig. 1. In the
first place, we include the contribution due to a relatively
broad pseudogap (;0.5 eV) which, according to the STM
and NMR measurements discussed above, should contain
two main features: ~i! a contribution due to a narrow
(;0.06–0.02 eV) and symmetric parabolic dip Nd , located
close to the Fermi level and, ~ii! a contribution due to a
square-root term Nsr , beyond the narrow dip region. Ac-
cordingly, the DOS around the Fermi level will be described
by the function
H Nd~E !5a1aE2 uEu<b/2Nsr~E !5d1cAuEu uEu.b/2, ~5!
where a gives the DOS value at the origin of the energy scale
@note that, in general, aÞN(EF)#, a[ 12 (d2N/dE2) mea-
sures the curvature of the dip, b is the dip width, and the
constants c52abAb/2 and d5a23ab2/4 guarantee the de-
rivability and continuity of the DOS at E5b/2.
In the second place, we consider an additional contribu-
tion due to a self-similar distribution of spiky DOS features.
The need for such a contribution is well documented on the-
oretical grounds. In fact, the existence of a dense set of nar-
row peaks (;0.01–0.02 eV) in the DOS appears as a qua-
FIG. 1. Diagram showing the different contributions to the QC
electronic structure in our proposed DOS model.siperiodicity related outcome in a number of realistic
calculations.13 In addition, a number of structural models
strongly suggest that the DOS should exhibit a self-similar
structure originating from long-range correlated cluster
packing.14
Notwithstanding this, the possible existence of the spiky
component of the DOS is still awaiting for a definitive ex-
perimental confirmation. Thus, as we have previously men-
tioned, both high-resolution photoemission and tunneling
spectroscopies have failed to detect the theoretically pre-
dicted dense distribution of spiky features around the Fermi
level. Several reasons have been invoked in order to explain
these unsuccessful results. Among them, the existence of
some residual disorder present even in samples of high struc-
tural quality has been invoked as a plausible agent smearing
out the finer details of the DOS.17 It has also been argued
that photoemission and scanning tunnel microscope tech-
niques probe the near surface layers, so that sharp features
close to the pseudogap could be removed by subtle structural
deviations near the surface from those of the bulk, as re-
ported for annealed QC surfaces.37
On the other hand, recent tunneling spectroscopy mea-
surements performed in icosahedral QC’s at low temperature
~2 K! seem to provide some experimental support for the
existence of certain fine structure asymmetrically placed with
respect to the Fermi level.19 In addition, tunneling spectros-
copy measurements of decagonal QC’s at ultralow tempera-
tures have also revealed very rich fine structures in the DOS
around the Fermi level.20 According to these authors, the
complex variation of the tunneling magnetoresistance with a
varying applied magnetic field may be related to the self-
similar properties of the quasicrystalline structure, exhibiting
a hierarchy of spatial scale lengths. It should be mentioned,
however, that although these features exhibit certain similari-
ties with the DOS structure predicted by Fujiwara and
Yokokawa,13 a definitive confirmation still requires some ad-
ditional work.38
Consequently, with the aim of shedding some light onto
this debated question, we will ascertain the possible influ-
ence that a self-similar spiky structure in the electronic struc-
ture may play in the resulting transport properties. To this
end, and inspired by our previous experience in studying
band-structure effects in the dc conductivity of Fibonacci
superlattices,39 we will include a spiky component in the
DOS model by means of a self-similar Dirac comb given by
the expression
Nss~E !5 (
n51
M
(j50
M21
ln , jd~E2En , j!, ~6!
where ln , j[hn2 j21l0, with l0[Nd(b/2)5a1ab2/4, mea-
sures the strength of the self-similar peaks, and the series
En , j[2hn22@11h2 j(h21)#b/2 determines their posi-
tions. This self-similar structure includes M main peaks, la-
beled by the integer n, and M (M21) subsidiary peaks, la-
beled by pairs (n , j). The inflation factor h.1 is related to
the QC structure. On the basis of crystallographic data for
the i-AlCuFe and i-AlCuRu we will take the value h5t
*
3
,
t
*
being the golden ratio, as appropriately describing the
self-similar structure of the DOS. This assumption has been
checked by considering also the values h5t
*
,t2 ,t4 , real-* *
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factory fit between theoretical and experimental curves.
III. ANALYTICAL EXPRESSIONS
Expressing Eqs. ~5! and ~6! in terms of x, and substituting
them into Eq. ~4!, we can express the electrical conductivity
as a sum of three different contributions,
s~T !5sd~T !1ssr~T !1sss~T !, ~7!
respectively associated to the corresponding DOS compo-
nents. In order to perform the pertinent integrations we have
made an appropriate expansion of the functions around the
Fermi level when required. As a consequence, the domain
validity of expressions ~8! and ~9! below is restricted to the
condition umu,b/2. In this way we obtain
sd~T !52AFq1l0g~T !1ab2S TT0D ln f ~T !G , ~8!
where q[2a(b2/41m2), g(T)[ f (T)sinh(T0 /T),
f (T)[ sech (w1/2T) sech (w2/2T), and we have defined
w6[T06Tm with T0[b/2kB and Tm[m/kB ,
ssr~T !52AF2d2dg~T !1ab2S 21 TT0D h~T !G , ~9!
where h(T)[2exp(2T0 /T)cosh(Tm /T), and finally
sss~T !5Al0 (
n51
M
(j50
M21
hn2 j21 sech 2S xn , j2 D , ~10!
where xn , j[2(uEn , ju1m)/kBT . The auxiliary functions
g(T), f (T), and h(T) verify the following limiting behav-
iors:
lim
T→0
g~T !5
2
11 lim
T→0
e2w2 /T
, ~11!
lim
T→0
T ln f ~T !52 w12 2 limT→0
T ln~ew2/2T1e2w2/2T!,
~12!
lim
T→0
h~T !5 lim
T→0
e2w2 /T. ~13!
Then, since the condition umu,b/2 above implies w2
.0, we obtain the following limiting behaviors for expres-
sions ~8!–~10! in the low-temperature regime: ssr(0)
5sss(0)50 and sd(0)54A(a1am2). Consequently, mak-
ing use of Eq. ~7! we get s(0)54AN(EF), where N(EF)
5a1am2 measures the value of the DOS at the Fermi level.
This relationship allows us to relate the coefficient A to two
experimental quantities: N(EF), which can be determined
from specific-heat measurements, and s(0), which can be
obtained extrapolating the conductivity curves. Then, ex-
pressing A in terms of these physical magnitudes in Eqs.
~7!–~10!, the electrical conductivity of the system can be
rewritten in the closed form
s~T !5s~0 !@11L~T !# , ~14!where we have introduced the dimensionless function
L~T !5
ab2
2N~EF! (151
3
Fi , ~15!
with
F1~T ![g~T !12h~T !21, ~16a!
F2~T ![~T/T0! @ ln f ~T !1h~T !# , ~16b!
F3~T !5
l0
2ab2 (n51
M
(j50
M21
hn2 j21 sech 2S xn , j2 D . ~16c!
Since expression ~15! satisfies the limiting behavior L(T
→0)50, we can interpret expression ~14! as indicating that
the electrical conductivity curve of a quasicrystalline sample
can be separated as the product of two different contribu-
tions. The first one is given by the s(0) factor and describes
the residual conductivity of the sample in the limit of van-
ishing temperatures. This term will be the one responsible
for the low conductivity values observed in these materials,
as it will be further discussed below. The second contribu-
tion is given by the function 11L(T) and describes the
temperature dependence of the electrical conductivity as the
temperature is increased. It is worth noting that a splitting of
this sort was originally proposed by the LEPES group6 to
describe the remarkable experimental fact that the plots
s(T)2s(4 K) for different samples were almost identical.
This behavior seems to be a quite general property of most
icosahedral QC’s of high structural quality ~and their ap-
proximants! and has been referred to as inverse Matthiessen
rule.3,6 However, our expression ~14! does not completely
coincide with that originally proposed by these authors,
namely,
s~T !5s~0 !1ds~T !, ~17!
since, in our description, the s(0) contribution also influ-
ences the high-temperature behavior of the conductivity
curve, i.e., ds(T)5s(0)L(T). A detailed discussion about
this important difference is beyond the scope of the present
study and deserves a closer scrutiny.40
IV. COMPARISON WITH EXPERIMENTAL RESULTS
To gain a deeper insight into the physical implications of
these expressions in Figs. 2 and 3 we compare the theoretical
curves derived from expression ~14! with experimental data
for a set of i-AlCuRu samples of different compositions. In
Fig. 2 we can appreciate the marked dependence of the elec-
trical conductivity with the sample composition for a series
of high quality QC’s whose stoichiometry is given by the
formula Al65Cu201xRu152x , with x52,1,0,21. The conduc-
tivity curves corresponding to the samples with a Ru content
in the range 16–14 at. % exhibit low conductivities and are
nearly parallel, satisfying the inverse Matthiessen rule. On
the contrary, the s(T) curve corresponding to the
Al65Cu22Ru13 sample exhibits a significantly higher value of
the residual conductivity, and also shows a reversed curva-
ture.
As it was indicated above, the variation of the s(0) factor
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dependence of the conductivity curves observed in Fig. 2.
According to our derivation, the factor s(0) is related to the
electronic diffusivity through the relationship s(0)
5e2D0N(EF)/V0. Therefore our model suggests that the
low conductivity values observed in high quality QC’s at low
temperatures may stem from two different sources. On the
one hand, we have the severe depletion of available charge
carriers associated with the presence of a pronounced
pseudogap around the Fermi level. On the other hand, we
must consider the peculiar nature of critical states, most of
which may exhibit quite small group velocities. Although
our approach does not allow for a precise estimation of the
relative importance of both contributions to the final value of
the factor s(0), it represents a promising starting point to
future detailed studies.
Another interesting result that we can extract from Fig. 2
refers to the change in the sign of the curvature for the s(T)
curve corresponding to the Al65Cu22Ru13 sample. In fact,
since some topological differences exist between the differ-
ent curves, it is noteworthy to realize that expression ~14!
provides a unified description of the electrical conductivity
for the four samples, allowing us to fit the experimental
curves quite well in the entire temperature range considered,
with the only exception of the Ru 13 at. % sample at tem-
peratures lower than 30 K.
FIG. 2. Comparison between theoretical ~solid lines! and experi-
mental ~circles! s(T) curves ~taken from Ref. 24!. From top to
bottom, the curves are arranged according to the increasing content
of Ru in the samples. The inset shows the DOS structure around the
respective Fermi levels ~dashed vertical lines! for the different QC’s
~arranged in the same order!, as determined from the fitting param-
eters listed in Table I.In the inset we show the DOS structure around the respec-
tive Fermi levels ~dashed vertical lines! for the different
samples, as determined from the fitting parameters listed in
Table I. We have checked that no significant improvement in
the fits can be obtained by further increasing the reported M
values. This indicates that only the first stages in the fractal
growth process determining the self-similar DOS contribu-
tion must be considered in order to properly account for the
experimental electrical conductivity curves. From the physi-
cal viewpoint, this is a quite reasonable result since one ex-
pects that the unavoidable presence of phason defects in any
real sample significantly contributes to smearing out the finer
details of the DOS spiky structure.
From the information graphically summarized in Fig. 2
two main conclusions can be drawn. First, we observe that as
the dip minimum rises approaching the metallic value ~indi-
cated by the horizontal dashed line in the inset!, its width
broadens and, consequently, the residual conductivity s(0)
progressively increases. Second, a shift in the Fermi level
position, depending on the sample composition, is clearly
seen. Therefore the variation of the s(T) curves with the
sample stoichiometry can be related to a systematic shift of
the Fermi level around the DOS dip, in such a way that as
the Fermi level shifts approaching the DOS symmetry axis
and the dip narrows and deepens, the electrical conductivity
FIG. 3. Comparison between theoretical ~solid lines! and experi-
mental ~circles! s(T) curves for two different i-Al65Cu20Ru15
samples. Data for the curve covering the range 6 –950 K are taken
from Ref. 25. Data for the curve covering the range 4 –300 K are
taken from Ref. 24. The upper panel compares the DOS structure
around the Fermi level for both samples. The dashed vertical lines
indicate the length of the kBTmax interval in the energy scale. The
lower panel shows the relative contribution of the different DOS
features depending on the temperature range considered.TABLE I. Parameters used to fit the theoretical curves presented in Figs. 2 and 3. The s(0) values are
taken from Refs. 24 and 25.
a ~state/eV at.! a ~state/eV3 at.! b ~meV! m ~meV! s(0) (V cm)21 M
Al65Cu19Ru16 0.045 36 45 11 18.7 3
Al65Cu20Ru15 0.047 40 37 0 26.6 3
Al65Cu20Ru15 0.064 45 60 0 70.9 5
Al65Cu21Ru14 0.075 24 75 23 72.1 3
Al65Cu22Ru13 0.240 15 95 46 258.9 3
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ing to note that the most symmetric structure (m50) is ob-
tained for the Al65Cu20Ru15 sample, which according to met-
allurgical studies,41 seems to be the most stable of the series.
V. CONCLUDING REMARKS
In order to estimate the applicability domain of our
model, we compare in Fig. 3 theoretical and experimental
conductivity curves covering different temperature ranges.
We see that it is possible to obtain a good fit from below 4 K
up to about 650 K. This threshold value is expected from
NMR measurements suggesting that a significant change of
the DOS structure might take place above the Debye tem-
perature (;500 K),43 hence implying that an appropriate
dependence of the DOS structure with the temperature
should be considered. On the other hand, the fitting param-
eters listed in Table I are in complete agreement with experi-
mental figures reported in the literature ~given in Table II!.
This fact provides further evidence on the reliability of the
model. In this sense, suitable measurements aimed to check
the Fermi level position shift predicted by the model should
be pertinent.
We can also estimate the relative importance of the three
different contributions of the DOS to the overall evolution of
the conductivity curve. To this end, we present in the lower
panel of Fig. 3 the contribution due to each sn to the overall
temperature dependence of the QC electrical conductivity, as
determined from expressions ~7!–~10!. As it can be readily
seen, below 50 K the s(T) curve is entirely dominated by
the narrow dip component contribution, although the self-
similar spiky component plays a minor but significant role in
determining the positive curvature of the conductivity curve
in this temperature interval. On the other hand, above room
temperature the contribution due to the sss component starts
to play also a significant quantitative role, compensating the
progressive decrease in the contribution due to the sd com-
ponent. Nonetheless, it should be stressed that, in order to
keep the lowest possible number of free parameters during
TABLE II. Experimental values for several parameters used in
our DOS model, as reported for the representative Al65Cu20Ru15 QC
in literature.
Al65Cu20Ru15 Measurement Ref.
N(EF) ~state/eV at.! 0.0467 specific heat 5
0.0637 specific heat 22
b ~meV! 20– 50 NMR 36,42
a ~state/eV3 at.! 23– 32 NMR 43the fitting process, the position of the Fermi level is located
far away from the spiky component of the DOS ~see Fig. 1!.
Consequently, one expects that the influence of such a com-
ponent on the electrical conductivity will be of some impor-
tance only in the regime of high temperatures, as it is indeed
the case. If the existence of a self-similar spiky component of
the DOS were ultimately confirmed, then the model intro-
duced in this work may be readily implemented to account
for more realistic parameters defining the main features of
this component. Therefore we believe that, on the basis of
actual model parameters alone, it is not possible to arrive to
any definitive conclusion on the role played by the spiky
component in the electrical conductivity of the considered
samples.
To conclude, some words are appropriate with regard to
the physical relevance of our approach as well as its appli-
cability. In the present treatment the evaluation of the trans-
port properties is mainly based on the energy spectrum func-
tion s(E). In our opinion, this approach to the problem
offers some appealing advantages. First, such a procedure
circumvents many of the approximations usually required in
other approaches to the study of transport properties in QC’s.
Second, we can make use of some current knowledge about
the energy spectrum, which has been recently obtained in the
course of numerical studies of realistic quasiperiodic
systems.29 Third, this treatment is quite general, thus provid-
ing a promising starting point for a more rigorous study of
transport properties in QC’s within a unified scheme. In this
sense, future studies aimed to include relevant effects such as
the electron-phonon interaction or quantum interaction ef-
fects will be appealing.
In summary, we propose a DOS model which accurately
describes the most characteristic features observed in the
s(T) curves of high quality QC’s over a wide temperature
range. In this way, we obtain a closed expression for the
electrical conductivity, which exhibits some relevant simi-
larities with the empirically proposed inverse Matthiessen
rule. In addition, by properly choosing the physical param-
eters appearing in the model, we unveil a relationship be-
tween the Fermi level position, the DOS structure, and the
sample stoichiometry.
ACKNOWLEDGMENTS
Thanks are warmly due to Claire Berger, Thierry Grenet,
Didier Mayou, and Stephan Roche for many helpful com-
ments and suggestions as well as for their kind hospitality
during my visit at LEPES in Grenoble. I gratefully thank
Zbigniew M. Stadnik for interesting conversations and useful
suggestions. I also thank M. Victoria Herna´ndez for a critical
reading of the manuscript. This work is supported by Uni-
versidad Complutense de Madrid through Project No. PR64/
99-8510.1 A. P. Tsai, A. Inoue, and T. Masumoto, Jpn. J. Appl. Phys., Part
1 27, 1587 ~1988!; Mater. Trans., JIM 31, 98 ~1990!.
2 L. X. He, Y. K. Wu, and K. H. Kuo, J. Mater. Sci. Lett. 7, 1284
~1988!; A. P. Tsai, A. Inoue, and T. Masumoto, Mater. Trans.,
JIM 30, 463 ~1989!.3 See, for example, S. Roche, G. Trambly de Laissardie`re, and D.
Mayou, J. Math. Phys. 38, 1794 ~1997!, and references therein.
4 Ch. Wa¨lti, E. Felder, M. A. Chernikov, H. R. Ott, M. de Boissieu,
and C. Janot, Phys. Rev. B 57, 10 504 ~1998!.
5 B. D. Biggs, S. J. Poon, and N. R. Munirathnam, Phys. Rev. Lett.
PRB 61 8777MODELING THE ELECTRICAL CONDUCTIVITY OF . . .65, 2700 ~1990!.
6 D. Mayou, C. Berger, F. Cyrot-Lackmann, T. Klein, and P.
Lanco, Phys. Rev. Lett. 70, 3915 ~1993!.
7 See, for example, O¨ . Rapp, Physical Properties of Quasicrystals,
edited by Z. M. Stadnik, Springer Series in Solid-State Physics
Vol. 126 ~Springer-Verlag, Berlin, 1998!, p. 127.
8 J. Friedel, Helv. Phys. Acta 61, 538 ~1988!; T. Fujiwara and T.
Yokokawa, Phys. Rev. Lett. 66, 333 ~1991!.
9 T. Klein, C. Berger, D. Mayou, and F. Cyrot-Lackmann, Phys.
Rev. Lett. 66, 2907 ~1991!; F. S. Pierce, P. A. Bancel, D. B.
Biggs, Q. Guo, and S. J. Poon, Phys. Rev. B 47, 5670 ~1993!;
M. A. Chernikov, A. Bianchi, E. Felder, U. Gubler, and H. R.
Ott, Europhys. Lett. 35, 431 ~1996!.
10 M. Mori, S. Matsuo, T. Ishimasa, T. Matsuura, K. Kamiya, H.
Inokuchi, and T. Matsukawa, J. Phys.: Condens. Matter 3, 767
~1991!.
11 E. Belin, Z. Dankhazi, A. Sadoc, Y. Calvayrac, T. Klein, and J.
M. Dubois, J. Phys.: Condens. Matter 4, 4459 ~1992!.
12 A. Shastri, F. Borsa, A. I. Goldman, J. E. Shield, and D. R.
Torgeson, J. Non-Cryst. Solids 153, 154, 347 ~1993!; Phys. Rev.
B 50, 15 651 ~1994!; Z. M. Stadnik, Physical Properties of
Quasicrystals ~Ref. 7!, p. 257.
13 T. Fujiwara, S. Yamamoto, and G. Trambly de Laissardie`re,
Phys. Rev. Lett. 71, 4166 ~1993!; G. Trambly de Laissardie`re,
and T. Fujiwara, Phys. Rev. B 50, 5999 ~1994!; G. Trambly de
Laissardie`re and T. Fujiwara, ibid. 50, 9843 ~1994!.
14 C. Janot and M. de Boissieu, Phys. Rev. Lett. 72, 1674 ~1994!; C.
Janot, Phys. Rev. B 53, 181 ~1996!.
15 G. Trambly de Laissardie`re and D. Mayou, Phys. Rev. B 55, 2890
~1997!; G. Trambly de Laissardie`re, S. Roche, and D. Mayou,
Mater. Sci. Eng., A 226-228, 986 ~1997!.
16 Z. M. Stadnik and G. Stroink, Phys. Rev. B 47, 100 ~1993!; G. W.
Zhang, Z. M. Stadnik, A.-P. Tsai, and A. Inoue, ibid. 50, 6696
~1994!; A. Shastri, D. B. Baker, M. S. Conradi, F. Borsa, and D.
R. Torgeson, ibid. 52, 12 681 ~1995!.
17 Z. M. Stadnik, D. Purdie, M. Garnier, Y. Baer, A.-P. Tsai, A.
Inoue, K. Edagawa, and S. Takeuchi, Phys. Rev. Lett. 77, 1777
~1996!; Z. M. Stadnik, D. Purdie, M. Garnier, Y. Baer, A.-P.
Tsai, A. Inoue, K. Edagawa, S. Takeuchi, and K. H. J. Buschow,
Phys. Rev. B 55, 10 938 ~1997!.
18 P. Lindqvist, P. Lanco, C. Berger, A. G. M. Jansen, and F. Cyrot-
Lackmann, Phys. Rev. B 51, 4796 ~1995!.
19 R. Escudero, J. C. Lasjaunias, Y. Calvayrac, and M. Boudard, J.
Phys.: Condens. Matter 11, 383 ~1999!.
20 L. Guohong, H. Haifeng, W. Yunping, L. Li, L. Shanlin, J. Xiu-
nian, and Z. Dianlin, Phys. Rev. Lett. 82, 1229 ~1999!.
21 F. S. Pierce, Q. Guo, and S. J. Poon, Phys. Rev. Lett. 73, 2220
~1994!.
22 C. Berger, Lectures on Quasicrystals, edited by F. Hippert and D.
Gratias ~Les Editions de Physique, Les Ulis, 1994!.
23 S. Roche and T. Fujiwara, Phys. Rev. B 58, 11 338 ~1998!.24 N. P. Lalla, R. S. Tiwari, and O. N. Srivastava, J. Phys.: Condens.
Matter 7, 2409 ~1995!.
25 F. S. Pierce, S. J. Poon, and B. D. Biggs, Phys. Rev. Lett. 70,
3919 ~1993!.
26 F. S. Pierce, P. A. Bancel, D. D. Biggs, Q. Guo, and S. J. Poon,
Phys. Rev. B 47, 5670 ~1993!.
27 See, for example, N. F. Mott, Conduction in Non-Crystalline Ma-
terials ~Oxford University Press, New York, 1987!. I am in-
debted to Didier Mayou for drawing my attention to this general
approach.
28 T. Fujiwara, T. Mitsui, and S. Yamamoto, Phys. Rev. B 53, 2910
~1996!.
29 S. Roche and D. Mayou, Phys. Rev. Lett. 79, 2518 ~1997!.
30 E. Macia´ and F. Domı´nguez-Adame, Phys. Rev. Lett. 76, 2957
~1996!; X. Huang and C. Gong, Phys. Rev. B. 58, 739 ~1998!.
31 V. Kumar and G. Ananthakrishna, Phys. Rev. Lett. 59, 1476
~1987!; X. C. Xie and S. Das Sarma, ibid. 60, 1585 ~1988!; G.
Ananthakrishna and V. Kumar, ibid. 60, 1586 ~1988!; M. Sev-
erin, M. Dulea, and R. Riklund, J. Phys.: Condens. Matter 1,
8851 ~1989!; V. Kumar, ibid. 2, 1349 ~1990!; A. Chakrabarti, S.
N. Karmakar, and R. K. Moitra, Phys. Rev. B 50, 13 276 ~1994!.
32 E. Macia´, Phys. Rev. B 60, 10 032 ~1999!.
33 X. Wu, S. W. Kycia, C. G. Olson, P. J. Benning, A. I. Goldman,
and D. W. Lynch, Phys. Rev. Lett. 75, 4540 ~1995!.
34 T. Klein, O. G. Symko, D. N. Davydov, and A. G. M. Jansen,
Phys. Rev. Lett. 74, 3656 ~1995!.
35 D. N. Davydov, D. Mayou, C. Berger, C. Gignoux, A. Neumann,
A. G. M. Jansen, and P. Wyder, Phys. Rev. Lett. 77, 3173
~1996!.
36 X. P. Tang, E. A. Hill, S. K. Wonnell, S. J. Poon, and Y. Wu,
Phys. Rev. Lett. 79, 1070 ~1997!.
37 Ph. Ebert, M. Feuerbacher, N. Tamura, M. Wollgarten, and K.
Urban, Phys. Rev. Lett. 77, 3827 ~1996!.
38 Some of the reported results may be alternatively described in
terms of Andreev reflections, as discussed by C. Berger, D.
Mayou, T. Grenet, and Z. Ovadyahu, Phys. Rev. Lett. 83, 3968
~1999!; L. Guohong, H. Haifeng, W. Yunping, L. Li, L. Shanlin,
J. Xiunian, and Z. Dianlin, ibid. 83, 3969 ~1999!.
39 E. Macia´, F. Domı´nguez-Adame, and A. Sa´nchez, Phys. Rev. B
49, 9503 ~1994!; E. Macia´ and F. Domı´nguez-Adame, Proceed-
ings of the International Conference on Aperiodic Crystals, ed-
ited by M. de Boissieu, R. Currat, and J.-L. Verger-Gaugry
~World Scientific, Singapore, 1998!; E. Macia´, Phys. Rev. B ~to
be published!.
40 E. Macia´ ~unpublished!.
41 T. A. Lograsso and S. A. Haines, J. Non-Cryst. Solids 197, 197
~1996!.
42 T. Klein, O. G. Symko, and C. Paulsen, Phys. Rev. B 51, 12 805
~1995!.
43 C. A. Hill, T. C. Chang, Y. Wu, S. J. Poon, F. S. Pierce, and Z.
M. Stadnik, Phys. Rev. B 49, 8615 ~1994!.
